A NOTE ON THE KUNNETH THEOREM FOR 
NONNUCLEAR C*-ALGEBRAS 



OTGONBAYAR UUYE 

Abstract. In this mostly expository note, we revisit the Kiinneth theo- 
^ rem in AT-theory of nonnuclear C*-algebras. We show that, using exam- 

ples considered by Skandalis, there are algebras satisfying the Kiinneth 
theorem for the minimal tensor product but not for the maximal tensor 
product and vice versa. 



1. Introduction 

Let ^ be a C*-algebra. Suppose that A is nuclear, that is, for any C*- 
algebra B, the algebraic tensor product AqB admits a unique C*-norm. Let 
Ai^B denote the completion. Let K^, denote the Z/2Z-graded topological 
JT-theory. 

The Kiinneth theorem, first studied by Atiyah in the abelian case |Ati62j 
and Schochet in the general (nuclear) case |Sch82| . concerns the question of 
to what extent the natural Z/2Z-graded product map 

a: K4A)0K4B) >K4A(^B) (LI) 

is an isomorphism. The following is the original statement of Schochet. See 
also |Bla98[[CEOO04] . 

Theorem 1.1 ( |Sch82j '). Let A and B be C* -algebras with A in the small- 
est subcategory of the category of separable nuclear C*-algebras which con- 
tains the separable Type I algebras and is closed under the operations of 
taking ideals, quotients, extensions, inductive limits, stable isomorphism, 
and crossed products by Z and by M. Then there is a natural 'L/2'L-graded 
Kiinneth exact sequence 

0^ K^iA)CSK4B) ^ K^AC^B) ^Toi{K^{A),K^{B)) ^0. (1.2) 

Remark 1.2. (1) It was shown in |RS87j that the Kiinneth exact se- 
quence ()1.2p always splits. 
(2) It is an open problem whether all separable nuclear C*-algebras sat- 
isfy the Kiinneth exact sequence ()1.2p . 



For general C*-algebras A and B, the algebraic tensor product AqB can 
be completed to a C*-algebra in various ways. In this note, we consider the 
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maximal tensor product A CSmax B and the minimal tensor product A ( 
(see |Tak02l [BO08] ). We let vr = 7rA,B denote the natural map 



it: A( 



B- 



B 



(1.3) 



In [Ska88] , Skandalis constructed examples of algebras A and B such that 
the map tta^b is not isomorphic on X-theory (see Example 15 .Sp . Hence, for 
the Kiinneth theorem for general C*-algebras, we need to distinguish the 
tensor products (8>max and (8)min- 

We consider the Kiinneth theorem for (8)min in Section [3] and (8)max in 
Section [H Counterexamples are discussed in Section [5l We note that 
these counterexamples are not new and were considered in |Ska88[ ISka91[ 
ICEUU04[[HG04] . 

For the convenience of the reader, we start by recalling the mapping cone 
construction and the Puppe exact sequence in Section [2j We remark that we 
do not assume that our C*-algebras are separable, since it is an unnatural 
and unnecessary restriction from our point of view. However, we do restrict, 
for simplicity, to separable algebras when we deal with KK or i?-theory. 

In Appendix |Al we sketch Skandalis' examples. 

Acknowledgments. The author is supported by an EPSRC fellowship. 
The author wishes to thank Takeshi Katsura for interesting discussions on 
the topic. 

2. Mapping Cones 

We recall the Puppe exact sequence in X-theory. All the material in this 
section are well-known. See |Eos82[ ISAM IBla981 [C"MR,n7j . 
Let 

Co[0,l):={/:[0,l]^C|/(l)=0} (2.1) 

and let 

evo: Co[0,l) ^C, / ^ /(O) (2.2) 
denote the evaluation map at G [0, 1). 

Definition 2.1. Let (f>: A ^ B he a *-homomorphism. The mapping cone 
Cs of (j) is the pullback 



>C^[Q,l)®B 



(2.3) 



CVQ eg) id£ 



A- 



-^B 



Theorem 2.2 (Puppe Exact Sequence). Let(p: A —?■ B be a *-homomorphism. 
Then there is a natural 6-term exact sequence 



Ko{C^) >Ko{A) 



Ko{B) 



(2.4) 



Ki{B) Ki{A) < Ki{C^) 
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Proof. See |R,os82l Theorem 3.8 & 4.1] or [(MROTI Theorem 2.38]. □ 

Corollary 2.3. Let cp: A ^ B be a *-homomorphism. Then <j) induces an 
isomorphism </)^, : K^{A) = K^{B) if and only if K^{C^) =0. □ 



The following properties of the mapping cone are folklores and follow 
immediately from Proposition 12.61 

Proposition 2.4. Let (p: A ^ B be a *-homomorphism and let D be a 
C* -algebra. Then we have natural isomorphisms 

C(j> (8)max D = C^^^^^ idn , (2.5) 
(8>mm = C<^^^.^id^. (2.6) 

□ 

Proposition 2.5. Let G be a locally compact topological group and let 
<j): A ^ B be a morphisms of G-C* -algebras. Then G^f, is a G-G* -algebra 
and 

G^^G^ G^^G- (2.7) 

□ 

Proposition 2.6. Consider a commutative diagram 

>L >X >A >0 (2.8) 

yL >D >B >0 

Suppose that the lower row is exact. Then the right-hand square is a pullback 
diagram if and only if the upper row is exact. 

Proof See |Ped99[ Proposition 3.1]. □ 

3. The Minimal Tensor Product 

The following is the Kiinneth theorem for the minimal tensor product. 
The equivalence (l2|) <^ ([3]) is shown in |CEQO04j . The condition ^ is an 
analogue of the condition (iii) of }Ska88l Proposition 5.3]. 

Theorem 3.1 (Kiinneth theorem for (Simin)- Let A be a G* -algebra. Then 
the following conditions on A are equivalent. 

(1) For any G* -algebra B, if K^{B) = then K^{A(g)^inB) = 0. 

(2) For any G* -algebra B, if K^{B) is free then the product map 

amin : {A) [B) {A ®mm B) 

is an isomorphism. 

(3) For any G* -algebra B, there is a (natural) short exact sequence 

^ K,XA) ® K^B) K4A(^^i^B) ^ Toi {K^ A), K^B)) ^ 0. 
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Proof. The implications ([3]) =^ ([2]) ^ ([T]) are clear. The implication ([2]) 
=^ ([3]) is due to Schochet and follows from the existence of a geometric 
resolution (cf. Proof of [Sch82', Theorem 4.1] or |(:;E()()n4[ Theorem 3.3]). 

For the implication ([T|) =^ ([2]), let i? be a C*-algebra with K^,{B) free. 
Let := Co(M"), n > 0. In the following, we abbriviate ®rmn by (8). 

Since K^,{B) is free, there is an abelian C*-algebra of the form D = 
©A^E^0©A2^^ and a *-homomorphism Lp: D — )• S^(8)i?(8)/C inducing 
isomorphism in X-theory, where fC is the C*-algebra of compact opera- 
tors on a suitable Hilbert space. Let C^p denote the mapping cone of ^p. 
Then K^{C^) = by Corollary [231 Since A^C^p = Ci(j^(g)(^, we see that 
K*{CidAis,ip) = K^{AiSi Cy,) = by ([T]), hence idA'Sxp induces an isomor- 
phism in i^T-theory, again by Corollary 12. 3i The top map in the following 
commutative diag ram is clearly an isomorphism, thus it follows that Q^min is 
an isomorphism for (A, (8) i? (8i /C). 

K4A)(E)K4D) = >K4A(g)D) (3.1) 

i^, (.4) (8 © B © /C) i^* ( A © S2 (g) 5 (8 /C) 

Now Bott periodicity completes the proof. □ 

Remark 3.2 (Separable algebras). Let j4 be a C*-algebra. The proof of 
Theorem 13.11 shows that the following conditions are equivalenlQ. See also 
|(]E()()n4[ Theorem 3.3]. 

(1') For any separable C*-algebra B, if K^{B) = then _fC*(A (g)mm 5) = 
0. 

(2') For any separable C*-algebra B, if K^{B) is free then the product 
map 

Omin: K^{A) (g) K^{B) K^{A0„,i,,B) 
is an isomorphism. 
(3') For any separable C*-algebra B, there is a (natural) short exact 
sequence 

^ K^A) (g) K^B) K4A(^^i^B) ^ Toi {K^ A), K^{B)) ^ 0. 

Moreover, it is easy to see that the a priori weaker condition (3') is equivalent 
to ([3]). Indeed, write B as the inductive limit of its separable C*-subalgebras 
under inclusions: B = Iiuib'cb B' , B' separable. Then 

^ ©jnin S = lim ^ (g)min -B' (3.2) 
B'CB 

and the implication (3') ^ follows from the continuity of ii'-theory and 
the fact that tensor products of abelian groups commute with direct limits. 
It follows that all six conditions are equivalent, hence we may restrict to B 
separable in Theorem 13. 1[ 



^If A is also separable, the proof can be shortened using KK-iheoiy. 



A NOTE ON THE KUNNETH THEOREM FOR NONNUCLEAR C* -ALGEBRAS 5 



Definition 3.3. Let TVmin denote the class of C*-algebras A satisfying tiie 
equivalent conditions of Theorem 13.11 and Remark I3.2[ 

Now we survey some results about TVmin and list some examples. 

Lemma 3.4 f |Sch82[ Section 2], |Bla98[ 23.4] or \CEOO04:\ Lemma 4.4]). 

The class Mmm enjoys the following properties. 

(1) If A G A/'min o,n,d B is Morita dominated by A, then B G A/"min- In 
particular, A/'min is stable under Morita equivalence. 

(2) In a semi-split short exact sequence of C* -algebras, if two of the 
algebras are in A/'min ; then so is the third. 

(3) IfA,Be ACin, then A^^^^^B G A^in- 

(4) If A = \\mAi, such that all structure maps are injective and all 

Ai e TVmin, then A G Mmin- 

□ 

The following result of Chabert-Echterhoff-Oyono-Oyono generalises the 
Z and R case considered by Schochet. 

Theorem 3.5 ( |CEOQ04| Corollary 0.2]). Let G be a second countable 
locally compact topological group satisfying the Baum-Connes conjecture with 
coefficients (cf. [BCH941 Conjecture 9.6]j. Let A be a separable G -algebra. 
If A yi K G A/'min for all compact subgroups K Q G, then A xij-ed G G A/'min- 

The following is essentially a repackaging of their proof. 

Proof. By |MN06l Theorem 9.3], the Baum-Connes conjecture with coeffi- 
cients can be restated as follows: 

For any G-C*-algebra A, if K^{A x K) = for all compact subgroups 
K CG, then K^{A x^ed G) = 0. 

Now the proof is easily completed by appealing to Theorem 13.11 □ 

Example 3.6. (1) Type I algebras are in 

A^min (Schochet |Sch82[ The- 
orem 2.13]). 

(2) Any separable C*-algebra in the bootstrap category of C*-algebras 
KK-equivalent to an abelian C*-algebra is in A/'min- (Rosenberg- 
Shochet [RS87]). The groupoid C*-algebra of an amenable groupoid 
(Tu [Tu99, Proposition 10.7]) and the full and reduced group C*- 
algebras C*{G) and C^(G) of an almost-connected group (Chabert- 
Echterhoff-Oyono-Oyono [CEOOO^ Proposition 5.1]) are in the boot- 
strap category, hence in A/'min- 

(3) Let G be a separable locally compact group such that the compo- 
nent group G/Gq satisfies the Baum-Connes conjecture with coeffi- 
cients. Then the reduced group algebra Cl{G) is in TVmin- (Chabert- 
Echterhoff-Oyono-Oyono [CEOO04, Corohary 0.3]). 

However, as we see below, there are non-nuclear (in fact non-exact, see 
Remark l3.10p C*-algebras that are not in TVmin- 
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Definition 3.7. We say that a C*-algebra A is K -exact if the functor B 
Ko^Ai^imin B) is half-exact. 

Clearly, exact C*-algebras are K-exact. 

The following remark is due to Skandalis (c.f. [CEUUdU Remark 4.3]). 
Remark 3.8. Associated to an extension 



is exact in the middle if and only if Er*(A (8)min C") = (see |HLS021 p. 
335-336]). 

It follows that all C*-algebras in A/'min are ET-exact. 

Moreover, the construction of a double-cone is functorial and commutes 
with inductive limits of extensions. Thus A is ET-exact if the functor B i— ?> 
KQ{A0^ii^ B) is half-exact on extensions of separable C*-algebras. 

Example 3.9. (1) Let F be an infinite countable discrete group with 
Khazdan property (T), Kirchberg property (F) and Akemann-Ostrand 
property (AO) (cf. [AD09]). Then the full gro up C*- algebra C*(F) 
is not -ftT-exact, hence not in TVmin- (Skandalis |Ska91) ). 
(2) The product nn>i is not K-exact, hence not in TVmin- (Ozawa 
|Uza03l Theorem~A.l]). 

Remark 3.10. We note that if a separable C*-algebra A is not K-exact, 
then it cannot be ETET-equivalent to an exact C*-algebra. 

Definition 3.11. We say that a C*-algebra A is K-continuous if the functor 
B ^ Ko{A 

^min B) is continuous i.e. commutes with inductive limits. 

Clearly, C*-algebras in A/'min are i^-continuous. The following is less triv- 
ial. 

Theorem 3.12. All K-continuous algebras are K-exact. 

Proof. Let A be a K-continuous C*-algebra and let F{B) := ii'o(A®min B). 
Then by |Dad941 Theorem 3.11], F factors through the asymptotic homo- 
topy category of Connes-Higson jCHDOj . In particular, for any extension 
of separable C*-algebras, the inclusion of the kernel into the mapping cone 
of the quotient map induces an isomorphism on F. It follows that F is 
half-exact on separable C*-algebras. The general case follows from Re- 
mark ESI □ 

Consequently, Example 13.91 give examples of C*-algebras which are not 
iC-continuous. 



0-^I-^B^D-^O, 



(3.3) 



there is a double- con^ algebra C such that the sequence 

i^* {A «)min I) K^ {A «)min B) ^ K^A D) 



(3.4) 



It is the mapping cone of the inclusion of I into the mapping cone of the quotient map 
B ^ D. 
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4. The Maximal Tensor Product 

The maximal tensor product case is analogous, hence we shall be brief. 

Theorem 4.1 (Kiinneth theorem for (8>max)' Let A be a C* -algebra. Then 
the following conditions on A are equivalent. 

(1) For any C* -algebra B, if K^{B) = then K^{AiSima.^ B) = 0. 

(2) For any C* -algebra B, if K^{B) is free then the product map 

amax : {A) ® (B) {A «)max B) 

is an isomorphism. 

(3) For any C* -algebra B, there is a (natural) short exact sequence 

^ K^{A)(^K^[B) K,(^0rnax5) ^ Toi{K^{A),K,.{B)) ^ 0. 

□ 

Needless to say, for nuclear algebras, the Kiinneth theorems 13.11 and 14.11 
are equivalent. 

Remark 4.2 (Separable algebras). Let ^ be a C*-algebra. The following 
conditions are equivalent to the (equivalent) conditions in Theorem 14.11 
(1') For any separable C*-algebra 5, if K*(S) = then K^{A (8)max B) = 
0. 

(2') For any separable C*-algebra if K^,{B) is free then the product 
map 

amax : {A) ® K^{B) ^ {A ®max B) 
is an isomorphism. 
(3') For any separable C*-algebra B, there is a (natural) short exact 
sequence 

^ K^{A)®K^{B) K,(^(g)max5) ^ Toi{K^{A),K^{B)) ^ 0. 

□ 

Definition 4.3. Let A/'max denote the class of C*-algebras A satisfying the 
equivalent conditions of Theorem 14.11 and Remark 14. 2[ 

Lemma 4.4. The class A/"max enjoys the following properties. 

(1) If A £ A/'max and B is Morita dominated by A, then B G A/'max- I'ti 
particular, A/'max is stable under Morita equivalence. 

(2) In a short exact sequence of C* -algebras, if two of the algebras are 
in A/'max ; then so is the third. 

(3) If A, B e TVmax, then A 

"Xlmax B G A/max ■ 

(4) If A = lim Ai and all Ai G A/'max; then A G A/'max- 

□ 

We remark that for any C*-algebra A, the functor B ^ KQ{A®^gj^B) is 
half-exact and continuous. Hence we cannot use the same techniques as in 
Section [3] to construct counterexamples to the Kiinneth theorem for (8)max- 
However, see Example 15.31 
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5. Counterexamples 

The counterexamples exploit the difference between Lemma I3.4I |2]) and 
Lemma 1131121) ■ 

Example 5.1 (ATmaxWrnin / 0; c.f. |Ska91| . [HG0l Theorem 5.4]). Let C 
be the double-cone of an extension 

Q ^ I ^ B ^ D (5.1) 

of C*-algebras (see Remark 13. 8p . Then for any C*-algebra A, the tensor 
product C (Simax A is the double-cone of the extension 

^ /®max^ ^ ^^Imax^ ^ ^<8max^ ^ 0. (5.2) 

It follows that K^{C ®max A) = for all A and C belongs to A^max- 

Let ^ be a non-i('-exact algebra and let C be the double-cone of an 
extension for which i('^,(A (g)jnm C) 7^ 0. Then C does not belong to TVmin- 

Hence 7Vmax\A/min 7^ 0- 

Here is a concrete example: Let T = SL3(Z) and let 

0^ J A^ B -^0 (5.3) 

denote the extension of separable commutative r-C*-algebras of |Qza03t 
Theorem A.l]. Let C denote the double-cone of (j5.3p . Then C is a separable 
commutative r-C*-algebra and the full crossed product C xi F is the double 
cone of the extension 

O^Jxr^AxT^Sxr^O (5.4) 

(See Proposition 12. 5p . Hence C x F E A/'max\A/'mm- 

The following observation is due to Skandalis jSka88| . 

Lemma 5.2. Let A be a C* -algebra. Suppose that there is a C* -algebra B 
such that the natural map 

TT : ^ (g)max -B ^ ^ ^Imin -B (5.5) 

does not induce isomorphism in K -theory. Then the following statements 
are true. 

(1) The algebra A fails one of the Kiinneth theorems ^3.1\ or \4.1^ . 

(2) If A is separable, then A is not KK -equivalent to a nuclear algebra. 

(3) If A is separable and exact, then A is not E-equivalent to a nuclear 
algebra. 

Proof. Enough to note that we may assume that B is separable. See |Ska881 
IHG04j . □ 

Example 5.3 {^fmin\^fm^.^ 0; c.f. |(:;E()()n4[ Introduction]). Let F be an 
infinite countable discrete group with Kazhdan property (T) and Akemann- 
Ostrand property (AO) (cf. |AD09j ). Then the natural map 

cm ®max CUT) ^ CUT) CUT) (5.6) 

does not induce isomorphism in iC-theory (Skandalis |Ska88] ) . 
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We specialise to the case T a lattice in Sp(n, 1). Julg proved that F satisfies 
the Baum-Connes conjecture with coefficients | Jul02j . Then by [CEOOOH 
Corollary 0.2], we see that C^(r) is in TVmin- Consequently, C^{T) is not in 
A/'max by Lemma [52] and AAminWrnax 7^ 0- 



Example 5.4. Let A G Mmm\-^max and let B G A/'max \A/'min- Then it 
follows from the 2-out-of-3 property that A (B B is neither in A/'max nor in 

A/' nin- 

answer some of the questions raised by Black- 



Examples I5.lt 15.31 and 
adar in |Bla981 23.13.2]. 



Appendix A. Skandalis' Examples 

We briefly sketch Skandalis' arguments for the convenience of the reader. 
See |Ska88l ISkaQll IHG04] for details. 

We refer to [AD09] for group theoretic terminologies in the following. 

Theorem A.l (Skandalis). Let T be an infinite countable discrete group 
with property (T) and property (AO). Then the natural map 



CXTi 



C7*r ^ CIT 



C*T 



(A.l) 



does not induce isomorphism in K-theory. If in addition, T has property 
(F), then C*T is not K-exact. 



See Example 1 3. 9 l |T]) and Example [57 

Sketch of Proof. We assume that T has (T), (AO) and (F). Then one can 
construct a commutative diagram of the form 

(A.2) 




C*T O C*T 

max 



» C*T (g, C*T 

min 



7^0 



(AO) , ., , 

(7*r - - 4 Q{Pr) 




where 



denotes a quotient map and 



-» • denotes an 



extension. Here / is the kernel of C*T 
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Let q G C*T 

•Ximax C*T denote the image of the Kazhdan projection under 
the diagonal map 

A: c*r^c*r®„,a^c*r, 7^707. (A.3) 

Then the image of q in (Kimin C*T is zero, while the image in BiJp'T) is 
non-zero. Hence q defines non-zero classes in Kq{J) and Kq{L). Moreover, 
the composition 

I®mir.C*T >L ^/C(Z2r) (A.4) 

is zero, since the composition /(8)inaxC'*r >B{l'^T) is zero. 

It follows that the class in Kq[L) cannot come from Kq{I ^■aimC*T). □ 
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